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This research is motivated by the need to investigate the devel-
opment of complex geometries in composite materials made by
winding ﬁlament, i.e. non-cylindrical and non-symmetric objects.
Certain industries such as automotive, aeronautical, or naval
require speciﬁc solutions that go beyond the classical geometries
such as cylinders, hemispheres or ellipsoids. In this respect, the
HYPE [1] project (réservoir HYdrogène haute PrEssion – High pres-
sure hydrogen reservoir), promoted by the French automotive
industry, aimed to solve some of the drawbacks of hydrogen com-
pressed storage technology for automotive applications like bulki-
ness, customer acceptance and cost, i.e. safety related issues to
hydrogen behavior and high pressure. Considering these criteria,
a new generation of reservoirs aims to take advantage of empty
spaces in a car, to be as light as possible and not expensive. The
main result was the development of form-ﬁtted tanks as a geomet-
rical evolution of type III (composite overwrapped metal liner) and
IV (composite overwrapped polymer liner) tanks [2], see Fig. 1.Concerning other high performing solutions fabricated with the
ﬁlament winding process, recent aeronautical solutions have
constructed closed-shape structures [3,4], such as single-piece
fuselages whose advantages include lower cost, lighter weight,
improved integration, safety, improved performance, noise reduc-
tion, improved aerodynamics, and styling ﬂexibility. For a one-
piece fuselage, either metal or composite materials may be used.
Metal has certain disadvantages due to the inability to fabricate
all components of the fuselage in a single step; therefore composite
materials are more advantageous for the fabrication of a one-piece
fuselage because they can be fabricated simultaneously.
Filament winding structures have been achieved mostly using
geodesic (friction-free) and non-geodesic paths. Geodesic winding
paths are to be considered as natural ﬁber paths, i.e. the tension in
the ﬁber tow causes the ﬁlament path to be geodesic regardless of
the desired ﬁber path. The use of geodesic paths simpliﬁes the cal-
culation of ﬁber paths but is much more restrictive. The ﬁber tra-
jectory is perfectly deﬁned in so far as the initial position and the
starting angle have been selected. Consequently, geodesic paths
lead to an obstacle to optimization of the composite lay-up [5].
However, the ﬁlament path can be changed by altering the friction
between the mandrel and the ﬁlament using some shrewdness
Nomenclature
F ﬁber tension force
fb, ff, fn lateral force, friction force, normal force
kg, km, kn, kp geodesic, meridian, normal, parallel curvatures
Lf curve length (deposited ﬁber length); length of man-
drel
Lc length of concave and convex geometries
Lm length of the mandrel
P point of analysis on C curve
M centre of normal curvature
N centre of geodesic curvature
nunv derivatives in u- and v-direction of the unit normal
vector to the surface
O centre of curvature
R cylindrical part radius
s length of the arc segment
S surface; vector function describing the surface of the
mandrel
Su, Sv derivatives in u- and v-direction of the surface
function
(u, v) generalized curvilinear orthogonal coordinates;
parallel and meridian, respectively
Xu derivative of fundamental coefﬁcient X with respect
to u
z machine rotating axis
a curve orientation with respect to meridians (ﬁlament
winding angle)
(u, h) generalized curvilinear spherical–polar coordinates,
parallel and meridian, respectively
C curve; vector function describing a curve onto the
mandrel
k slippage tendency
l static friction coefﬁcient
ccv concave
cvx convex
cyl cylindersuch as putting dressmaker pins, or applying high tack resin that
keeps the ﬁlaments in place until a return crossing ﬁlament locks
the previous ones as desired [4]. Other methods can be imple-
mented such as using non-geodesic trajectories in which after fol-
lowing an initial rotation, no additional steps are taken to secure
the tow of ﬁlaments at the desired angle [5–7].
But even the fabrication of simple geometries does not mean
that the desired ﬁlament winding patterns are suitable, as demon-
strated by [8]. In this case the geometrical parameters of a type III
tank are dictated by the geometrical constraints of the liner rather
than from a mechanical behavior calculation or optimization. Con-
sidering that the tank being analyzed by this author was a cylinder
with ellipsoidal ends (or oblate spheroids) and taking into account
mechanical strength of the structure, the desired winding angle of
a helicoidally geodesic path over the cylindrical body should be
55. Nevertheless, based on a sequential analysis of the ﬁlament
winding process and considering a geodesic path, a 42 angle is
obtained on the cylindrical part as shown in Fig. 2a; or 43.92 angle
when the path is non-geodesic as shown in Fig. 2b. This is mainly
due to the angle discontinuity of the transition between trajecto-
ries along the cylinder and the ellipsoids, as shown in Fig. 2c, so
a non-geodesic transition should be considered. Furthermore, the
dimension of the neck of the bottle imposes an entry angle
(azimuth angle, Az0 ) of the ﬁber tow into the ellipsoids which also
conditions the desired ﬁlament winding angle of the ﬁber placed
over the cylinder. Therefore, in the previous analysis, the geometry
of the supporting liner imposes the ﬁnal geometrical description of
the reinforcement.Fig. 1. Form-ﬁtted tank (a) stainless steel liner
2The scope of the present paper is to develop a numerical com-
puting tool which will allow us to simulate the ﬁlament winding
process whatever the mandrel geometry is, even if an axisymmet-
ric mandrel is more suitable regarding the manufacturing process.
By doing so, we contribute to the development of ﬁlament wound
structures by designing, simulating and fabricating two axisym-
metric geometries using a generic winding model that permits
either to wind complex shapes, or to solve common ﬁlament wind-
ing disadvantages. To achieve this goal, a convex and a concave
geometry are studied in an effort to propose more complex shapes,
beyond traditional cylinders, or semi-spheres. Both shapes are
described mathematically, so that the geodesic and the non-geode-
sic trajectories can be deﬁned and solved. Then by means of a ﬁla-
ment winding machine the previous complex geometries are roved
and the numerical predictions are validated, allowing to corrobo-
rate the ability of the previous analysis to ensure that the referred
mandrels can be overwrapped as desired. This work makes part of
a more complete investigation which aims to deﬁne an optimiza-
tion methodology: starting from the mathematical description of
the mandrel, and knowing the mechanical loading, one should be
able to suggest one or more suitable stacking sequences allowing
to fulﬁll both objectives, a reduced weight and a high mechanical
strength.
2. Mathematical procedure
The correct establishment of the stability condition of the ﬁber
over the surface of the mandrel is the key to obtain the governing. (b) Filament winding manufacturing [2].
Fig. 2. Filament winding simulations [9]: (a) with non-geodesic transition, (b) non-geodesic path all over the cylindrical section, (c) discontinuity between geodesic paths.
Fig. 3. Schematic representation of forces acting along a ﬁber path.equation that deﬁnes the convenient curves over its surface. The
stability of a trajectory depends on the ratio between the lateral
force fb, due to the change of the ﬁber angle (or due to the change
of shape of the geometry); and the normal force fn, which depends
on the longitudinal force F applied along the ﬁber, as illustrated in
Fig. 3. It is assumed that the static coefﬁcient of friction is l and
that k is a real parameter number whose values belong to the inter-
val [l, l] called slippage tendency, deﬁned as the ratio between
the lateral force fb and the normal force fn. No slipping of the ﬁber
occurs when k < l; or considering a Coulomb friction force
(ff = lfn), when fb is lower than the product of l with fn. As a direct
consequence, and under the assumption of a local analysis, the
previous relationship allows to describe a stable trajectory over
the mandrel, condition that is deﬁned by (1):
jfb=fnj  l ð1Þ
In a previous work [9], this same expression is derived in terms
of the geodesic kg and the normal kn curvatures of the curve C
traced over the surface S:
jkg=knj ¼ jkj ð2Þ
The mathematical method presented here is based on the vector
modeling of a surface S described by a mapping S(u,v) as a set of
functions depending on two parameters, usually u and v; and the
parameterization of a curve in R3 represented as a function C to
be placed over it, so as to conveniently deﬁne the geodesic and3normal curvatures comprised in the stability criteria, expression
(2). The theory of curves, as well as the theory of surfaces, plays
a major role when considering this approach [10,11].
In the free-body force diagram illustrated in Fig. 4a, a right-
handed orthonormal triplet attached at each point P is formed by
the unit tangent t, the unit principal vector p (directed towards
the centre of curvature), and the binormal b vector. The unit nor-
mal vector n could be considered as part of the referred orthonor-
mal triplet instead of p; but n arises certain uncertainty when
deﬁning its sense i.e. inwards or outwards the surface mapping
at P. The sense of n is important because certain criteria related
with ﬁlament winding are based on its sense, like ﬁber bridging
within mandrels with local concavities; according to De Carvalho
[5] and Scholliers [12], it is deﬁned considering n pointing out-
wards, so the product n fn 6 0 (no ﬁber bridging occurs). Other cri-
teria that depend on the sense of n is the sense of the curvature
vector, considered positive when n points inwards the osculating
circle tangent to P of a planar curve [13]. In this sense, Kreyszig
[11] introduces the concept of normal vector to a surface rather
than to a curve. In this document the criteria that has been used
in ﬁlament winding literature is preferably adopted.
Normal curvature is the curvature of the curve of intersection
(normal section) of the surface and a plane passing through both
the tangent to the curve at P and the unit normal vector n. Normal
curvature vector kn is expressed as a vector projection (3) of curva-
ture vector k onto the unit normal vector n. Geodesic curvature
vector kg is the vector projection (4) of curvature vector k onto
the binormal vector b. Both curvature vectors, and its resultant,
are illustrated in Fig. 4b.
kn ¼ ðk  nÞn ¼ knn ð3Þ
kg ¼ ðk  bÞb ¼ kgn ð4Þ
There is an inﬁnite number of planes passing through P contain-
ing the unit normal vector n, i.e. an inﬁnite number of normal sec-
tions passing through P. Each of these normal sections possesses a
particular curvature at P. It can be shown that a maximum and a
minimum value exist and that the directions of the tangent lines
corresponding to these extreme curvatures are orthogonal (also
known as principal directions). By drawing a polar coordinate sys-
tem on the tangent plane with its pole at P, and its polar axis at
some arbitrarily chosen ray, an angle ameasured counterclockwise
from the polar axis allows to draw a function kn = f(a). So, for each
value of a there is a curvature associated with that particular
Fig. 4. Schematic illustrations: (a) curve and surface reference frames. (b) Curve related vectors.normal section; this curvature kn is the normal curvature of surface
S at point P in the direction a and it is given by (5), known as the
Euler’s theorem [10,11]:
kn ¼ k1 cos2ðaÞ þ k2 sin2ðaÞ ð5Þ
where k1 and k2 are the principal curvatures at P and a is the angle
between the tangent line in the principal direction corresponding to
k1. Eq. (5) is an important expression that allows to introduce the
term a as the orientation of the curve C with respect to meridians,
i.e. the rotating axis. As a consequence, a is the ﬁlament winding
angle. Now, if s parameter, the length of the arc segment, is intro-
duced to describe C:s # S(u(s), v(s)), i.e. the natural parameteriza-
tion, the normal curvature can be expressed as a function of the
ﬁrst (E,F,G) and second (L,M,N) fundamental coefﬁcients, which
are continuous functions of u and v; hence:
knðsÞ ¼ Lb2 þ 2Mbcþ Nc2 ð6Þ
where b = du/ds, c = dv/ds, E = SuSu, F = SuSu, G = SvSv, L = nSuu,
M = nSuv, N = nSvv. The directions in which the normal curvature
at P reaches its maximum and minimum values are obtained by
dividing kn(s) by b2, then solving the equation dkn(d)/dd = 0 where
d = dv/du. So, after expanding and rearranging, a quadratic formula
is obtained allowing to calculate the two principal directions d1,2, or
as stated in (5), k1,2.
For a surface of revolution S the principal curvatures are given
by (7) and (8) in terms of ﬁrst and second fundamental coefﬁcients
[14]; k1 corresponds to the meridian curvature km, and k2 to the
parallel one kp.
k1 ¼ km ¼ N=G ð7Þ
k2 ¼ kp ¼ L=E ð8Þ
Geodesic curvature depends only on the ﬁrst fundamental coefﬁ-
cients and their derivatives, and is hence an intrinsic property of
the surface S. Then assuming a regular, continuous, and naturally
represented curve C is considered, the geodesic curvature is given
by (9):
kgðsÞ ¼ C211
du
ds
 3
þ ð2C212  C111Þ
du
ds
 2 dv
ds
 
þðC222  2C112Þ
du
ds
 
dv
ds
 2
 C122
dv
ds
 3
þ du
ds
 
d3v
ds3
 !
 dv
ds
 
d3u
ds3
 !! ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
EG F2
p
ð9Þ4where Ckij are the Christoffel symbols of the second kind that are
function of E, F, G, Eu, Ev, Fu, Fv, Gu, Gv. The geodesic curvature deﬁ-
nition allows the integration of the well-known Clairaut relation
[15], together with the evaluation of geodesic trajectories.
By substituting (7) and (8) onto (5), an expression for kn is
obtained, and by re-substituting it as well as (9) onto (2), a general
path equation for a = f(u, v) is derived. In order to obtain the
desired expression that deﬁnes the general path equation for a
surface of revolution it is required that S and C to be derivable,
so that their geometrical parameters can be calculated [10]. From
this statement S should be continuous and regular, deﬁned as a
function of meridian h and parallel u coordinates deﬁned on a
spherical–polar frame. For an axisymmetric mandrel, S is described
according to the following Eq. (10) whose origin is located on
the revolution axis, being g(h) the function that describes the
proﬁle.
Sðu; hÞ ¼ fgðhÞ sinðhÞ cosðuÞ; gðhÞ sinðuÞ; gðhÞ cosðhÞg ð10Þ
Main curvatures, i.e. normal and parallel ones are obtained with
(11) and (12), respectively:
kmðhÞ ¼ NG ¼
2 dgðhÞdh
 2
 gðhÞ  d2gðhÞ
dh2
þ g2ðhÞ
g2ðhÞ þ dgðhÞdh
 2 3=2 ð11Þ
kpðhÞ ¼ LE ¼
gðhÞ  sinðhÞ  dgðhÞdh  cosðhÞ
gðhÞ  sinðhÞ  g2ðhÞ þ dgðhÞdh
 2 1=2 ð12Þ
The terms necessary to determine the geodesic curvature sim-
plify considerably because for a surface of revolution F = 0 and
M = 0. By substituting the respective Christoffel symbols of the sec-
ond kind in terms of the ﬁrst fundamental coefﬁcients and their
derivatives, the geodesic curvature (9) becomes as follows:
kg ¼  daðhÞdh
cosðaðhÞÞﬃﬃﬃﬃﬃﬃﬃﬃﬃ
GðhÞp 
1
2
Eh
E
sinðaðhÞÞﬃﬃﬃﬃﬃﬃﬃﬃﬃ
GðhÞp ð13Þ
Geodesic curvature (13) and normal curvature (5) in terms of
meridian (11) and parallel (12) curvatures are substituted in the
stability condition criteria (2) to ﬁnally obtain a general path
ordinary differential equation ODE for a as a function of meridian
coordinate h (14); the equations that deﬁne the parametric
coupling of h and u, and the length Lf of the trajectory, between
points P(ha) and P(hb), are expressed with (15) and (16),
respectively.
daðhÞ
dh
¼ 1
2
Eh
E
tanðaðhÞÞ
þ k
ﬃﬃﬃ
G
p
cosðaðhÞÞ ðkm cos
2ðaðhÞÞ þ kp sin2ðaðhÞÞÞ
!
ð14Þ
uðhÞ ¼
Z hb
ha
ﬃﬃﬃ
G
E
r
tanðaðhÞÞdh ð15Þ
Lf ðhÞ ¼
Z hb
ha
ﬃﬃﬃ
G
p
cosðaðhÞÞ dh ð16Þ
The expression ofu angle vs. h angle leads to a complete description
of the curve C:
CðhÞ ¼ fgðhÞ sinðhÞ cosðuðhÞÞ; gðhÞ sinðhÞ sinðuðhÞÞ; gðhÞ cosðhÞg
ð17Þ3. Resolution procedure
The numerical method for solving and computer simulation
modeling comprises various functions: input data, design of man-
drel geometry, design of one ﬁber path, design of global coverage
pattern, and calculation of the machine paths. Input data com-
prises parameters of the mandrel, plus ﬁber parameters. As indi-
cated in the ODE (14), one fundamental parameter when
designing ﬁber paths is the slipping tendency, strictly speaking
the static coefﬁcient of friction. According to [12], the value of l
depends on various factors, such as resin viscosity and mandrel
surface ﬁnish, and can vary between 0.2 and 0.4. Nowadays, higher
friction coefﬁcient values are regular when using thermosetting
Prepregs. Here a 0.2 value for the static coefﬁcient of friction is
selected, i.e. the achievable deviation from the geodesic trajectory
is minimized so as the slipping risk is simultaneously limited.
Aiming to prove the feasibility of the mathematical approach to
simulate, but also to wind complex geometries, two case studies
whose proﬁles are illustrated in Fig. 5 are proposed: a convex
and a concave geometry.Fig. 5. Complex shape mandrel description: (a) convex-shaped proﬁle, (b) concave-
shaped proﬁle.
5The design of the mandrel geometry comprises the mathemat-
ical deﬁnition of q = q(h); i.e. a discretized contour function. Con-
sidering that the center of each geometry is located at point m,
the q(h) functions describing the cylinders, the convex shape and
the concave shape contours of the mandrels are respectively given
by Eqs. (18)–(20).
qcylðhÞ ¼ R= sinðhÞ ð18Þ
qcvxðhÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
L2c þ 3R2 þ R2 sin2ðhÞ
q
 R sinðhÞ ð19Þ
qccvðhÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
L2c þ 4R2  9R2 cos2ðhÞ
q
þ 3R sinðhÞ ð20Þ
The continuity between the cylindrical and either the convex
(19) or the concave (20) geometry is ensured with the product of
sigmoid functions, one for the cylindrical part, f1, and the other
for the geometry under analysis, f2. For the convex geometry man-
drel, the contour is constructed with Eq. (21).
gðhÞ ¼ ð1 ð1þ f1Þ1  ð1þ f2Þ1ÞqcylðhÞ
þ ðð1þ f1Þ1  ð1þ f2Þ1ÞqcvxðhÞ ð21Þ
where:
f1ðhÞ ¼ eaðbþLcÞ; f 2ðhÞ ¼ eaðbLc Þ; b ¼
R
tanðhÞ
In the previous equations, a is the parameter that deﬁnes the
transition spread and b the transition position of the sigmoid
function.
Considering its accuracy and stability, ODE (14) is solved by the
modiﬁed Euler method, derived by applying the trapezoidal rule to
a solution of type ah = f(a, h), Eq. (22), [16]. For this purpose, h angle
is discretized.
aiþ1 ¼ ai þ hðf ðaiþ1; hiþ1Þ þ f ðai; hiÞÞ=2 ð22Þ
where h is the step size, a is the independent coordinate, and h the
dependent coordinate. Initial condition is a(h0)  p/2, i.e. the ﬁber is
placed lightly – so as to prevent a numerical error – perpendicular
to the generatrix lines at the beginning of the cylindrical part of the
mandrel, what is commonly known as a hoop pattern.
Numerical differentiation required by Eqs. (11) and (12)is
achieved using the centered ﬁnite-difference method using Eqs.
(23) and (24)relative to f function, [17]. The numerical integration
of (15) and (16) is realized considering the trapezoidal rule (25)
and (26).
fhðhiÞ ¼ ðf ðhiþ2Þ þ 8f ðhiþ1Þ  8f ðhi1Þ þ f ðhi2ÞÞ=12h ð23Þ
fhhðhiÞ ¼ ðf ðhiþ2Þ þ 16f ðhiþ1Þ  30f ðhiÞ þ 16f ðhi1Þ  f ðhi2ÞÞ=12h2
ð24Þ
ui ¼ ui1 þ
1
2
ðhi  hi1Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Gi=Ei
p
tanðaiÞ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Gi1=Ei1
p
tanðai1Þ
 
ð25Þ
Lfi ¼ Lfi1 þ
1
2
ðhi  hi1Þ
ﬃﬃﬃﬃ
Gi
p
=cosðaiÞ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Gi1
p
=cosðai1Þ
 
ð26Þ
The complete methodology is implemented with MATLAB
software; based on the mathematical description of the mandrels,
it allows calculating the ﬁber path all along the mandrel length z
step by step. Figs. 6–8 illustrate the results that are obtained for
three different mandrels; for each mandrel three plots are
attached: the distribution of ﬁlament winding angle a as a
function of h, the evolution of u along the length of the mandrel
(z direction), and the length of the trajectory Lf of the ﬁber with
Fig. 6. Filament winding simulation on the cylindrical mandrel: (a) 3D plot, (b) winding angle a evolution vs. h, (c) mandrel rotation u vs. axial position z, (d) deposited ﬁber
length Lf vs. axial position z.
Fig. 7. Filament winding simulation on the convex mandrel: (a) 3D plot, (b) winding angle a evolution vs. h, (c) mandrel rotation u vs. axial position z, (d) deposited ﬁber
length Lf vs. axial position z.respect to z. The numerical resolution of ODE (14) has been
compared and validated with its analytical solution obtained for
a cylinder (27); where n is the ratio of the mandrel mid-length with
the cylinder radius; and x is part of a relationship that allows to
calculate the initial winding angle [9].
a ¼ arcsinððxþ kðcotðhÞ  nÞÞ1Þ; where
n ¼ 0:5Lm=R and sinðah0 Þ ¼ 1=x ð27Þ
The pattern to be over-wound may need to respond to mechan-
ical solicitations, so it becomes necessary to deﬁne a strategy that
ensures the full and uniform coverage of the surface. Several6strategies [8–9,19–23] that program a single circuit of the ﬁber
wind path have been further developed, making it a repeatable
band pattern, so the circuit can be countless repeated to provide
one or numerous ﬁber layers completely covering the mandrel.
In this section, we consider the monoﬁlament winding technique
proposed by [8,23] that allows to control highly interwoven wind-
ing patterns.
Given any axisymmetric geometry at a certain circular section,
the number of single circuits (the path followed from one extreme
to the other without returning) required to cover its surface is
determined by considering a ﬁber band of true width wt, and the
winding angle a, thus the width of the band along the hoop direc-
Fig. 8. Filament winding simulation on the concave mandrel: (a) 3D plot, (b) winding angle a evolution vs. h, (c) mandrel rotation u vs. axial position z, (d) deposited ﬁber
length Lf vs. axial position z.tion of the axisymmetric geometry is wt/cos(a); then by dividing it
into the circumference the number of circuits Np required to fully
cover is given by (28).
Np ¼ 2pRwt cosðaÞ ð28Þ
The number of circuits must be an integer number, otherwise
there will be overlapping of the band edges creating unevenness
of the outer surface of the winding when the value is rounded
up; or gaps that will tend to ﬁll up with resin and may result in
decreased ﬁnal ﬁber volume fractions on the opposite case [24].
These undesired defects can be eliminated by adjusting the actual
winding angle or by changing the geometrical parameters involved
such as R or wt [8,24]; or by introducing a controlled overlap to
each subsequent circuit of the ﬁber [20,21]. In order to control
the interweaving pattern, expression (29) allows to calculate the
angle of rotation of the mandrel when the translating carriage
reaches its end stroke at a dwell phase.
2ðXþu0Þðmod2pÞ ¼
2pN
Np
ð29Þ
The term to the left represents the full turning angle expressed
as a function of the total angle of one single circuit, X; and the
turning angle during the dwell phase, u0; the coefﬁcient 2 com-
prises a full circuit. The term to the right represents the angular
displacement in terms of fractions of the circumference counted
from a departing position towards the next possible position by
multiplying the angular dimension that corresponds to the width
of the ﬁber along the hoop direction, 2p/Np, N times. The value of
the band pattern N allows to control the interweaving degree of
the pattern and as previously mentioned, it must be mutually rel-
atively with Np, and N < Np. The modulus of congruence 2 stands for
complete turns by which the full turning angle 2(X + u0) is divided
to obtain the remainder 2pN/Np.
To summarize, the procedure to obtain the turning angle at the
dwell phase u0 implies to calculate Np, to correct it so Np 2 Z, to
evaluate N, and ﬁnally to use the expression (29). The term X7can be ideally estimated considering a ﬁber path with a ﬁxed ﬁla-
ment winding angle a from extreme to extreme (with no transition
lead before the dwell phase), so [23],
X ¼ LmtanðaÞ=R ð30Þ4. Fabrication procedure
As previously stated, the trajectory all along the longitudinal
axis z of the mandrel is numerically known but not validated. To
do so, two detachable mandrels considering the geometries under
study were fabricated so as to demonstrate the feasibility of the
mathematical procedure, as well as to pursuit with mechanical
tests later on.
The mandrel consists of two hollow steel cylinders joined with
pins at each side of a central detachable part, either the convex or
the concave geometry. The convex geometry was machined using
six different blocks stacked together and contour-turned using a
hydraulic lathe tracer and a template deﬁning the contour calcu-
lated by (19). During the machining process these blocks are sup-
ported along the radial direction with a hexagonal-section hollow
bar, and ﬁxed with pins (see Fig. 9). This support works as an
attaching interface with the previously referred cylinders. Once
the reinforcement is wound and polymerized, the mandrel is
extracted piece by piece, starting from any of the steel cylinders,
then the hexagonal-section hollow bar, and ﬁnally the bars form-
ing the convex geometry. The concave geometry is simpler and it
was contour-turned using two hollow steel bars, following the con-
tour deﬁned by (20). The full length of both mandrels is approxi-
mately 500 mm, the length of both the convex and the concave
geometry is 90 mm. The radius of the cylindrical parts is 30 mm.
Surface preparation is achieved by putting a high temperature
Teﬂon adhesive tape at every gap so the water-based release agent
Moulex 6000BG from Additek applied over the entire metallic
surface does not corrode the mandrel interior. Hot air is applied
while the mandrel turns slowly once mounted and ﬁxed on the
winding machine. Three layers of the release agent are recom-
Fig. 9. Detachable mandrels: (a) convex part before assembly, (b) and after, (c) concave part.
Fig. 10. Filament winding machine with concave mandrel.
Fig. 11. Filament-wound convex and concave geometry.mended as minimum, turning the surface from bright metal
(metallic cylinders have a roughness about 3.2 Ra) to a whitish
smooth coated surface.
The machine used for the ﬁlament winding is shown in Fig. 10;
it is a Cartesian robot with three linear axes which are perpendic-
ularly oriented at each other, with a free rotating delivery head and
a rotating axis with a maximum angular speed of 3900 rpm cou-
pled to speed reducer (1:40), therefore the maximum winding
speed is 97.5 rpm. It is computer driven using a Galil PCI 1842
controller card. The reason for the selection of this type of machine
and its programming software is due to its manufacturing ﬂexibil-
ity, and programmable automation.
Fiber tension is applied with an unwind tension compensator
model 800C012 from CTC Inc. The delivery point consists of a series
of static rollers made of Teﬂon, disposed in a vertical and then in an
horizontal position, considering the path of the ﬁber coming from
the tension compensator; the said delivery head rest at the same
height with respect to the upmost generatrix of the cylindrical
parts of the mandrel. During ﬁlament winding, a small horizontal
slippage of the ﬁber persists within the delivery rollers.
Reinforcement material is a 4 mm wide, unidirectional, high-
modulus-carbon Prepreg tow, with identiﬁcation number
T700GC-12K-31E, and with an UF3369-100 resin system (resin
content 29.5–30%; Young modulus, 3.1 GPa; tensile strength,
92.4 MPa; elongation at brake 3.6%, suitable for high-pressure cyl-
inders) from TCR. According to manufacturer, three alternative cur-
ing cycles are suitable: (1) 4 h @ 121 C; (2) 6 h @ 110 C; and (3)
24 1h @ 99 C. Second option was chosen using a Nabertherm
oven with good results.8Before starting any ﬁlament winding, the delivery head is posi-
tioned to a machine reference position. A simple device was
adapted to measure the displacement along the axis parallel to
the rotating axis of the mandrel, allowing to register the departing
point for each ﬁlament winding.
Fig. 11 shows the results obtained for both geometries under
study. During the fabrication of the convex mandrel no undesired
slipping of the ﬁber was observed; the placement of the ﬁber is
as expected. For concave mandrel, though the simulated process
proposes geodesic trajectories, i.e. no sliding expected, this wind-
ing requires the operator intervention to ensure the path to be sta-
ble at the transition point; still a symmetrical winding pattern is
obtained.
Demoulding of both mandrels was assisted using an Adamel
Lhomargy MTS DY25 tensile test machine (500 daN). The manual
displacement feature was used to facilitate extraction of the cylin-
der attached to the crosshead. Then either the convex, or the con-
cave central assembly were extracted piece by piece as previously
explained and may be reused to produce a convex or concave com-
posite structure again.
5. Discussion and analysis
In Fig. 6 the distribution of the ﬁlament winding angle as a func-
tion of h evolves as expected: from a value close to p/2 (1.57 rad) to
an input value of 55 (0.95 rad). The evolution of the ﬁlament
winding angle is relatively fast and then it rests constant, conﬁrm-
ing the loxodrome traced over the surface of the cylindrical man-
drel. In Fig. 7 the same evolution is veriﬁed on each side of the
mandrel. Once the ﬁlament winding angle reaches the same input
value, it rests constant up to the value of h that corresponds to the
transition between the cylinder and the convex geometry, then it
reduces slowly up to a value of 35 (0.60 rad) approximately just
at the half-length of the mandrel. In Fig. 8 (concave mandrel) the
evolution of the ﬁlament winding angle is the opposite to that of
the convex mandrel: once the angle reaches the input value of
55 it increases slightly, then it reduces abruptly, and ﬁnally it
increases rapidly until it reaches a value smaller to p/2. This dis-
continuity is almost observed on the a  h graph, the other graphs,
u  z, and Lf  z do not show any singularity or an important dis-
continuity. As previously stated, the concave mandrel requires the
intervention of the operator at the transition point of the cylinder
and the concave geometry, i.e. the point of the singularity observed
on the a  h graph. It is necessary to control the ﬁlament winding
evolution so a soft transition is achieved, and the increment of a
may not be as important as in this case.
Being the friction coefﬁcient a fundamental parameter to con-
struct non-geodesic paths, attention should be put when consider-
ing its value. As previously referred, and according to [6], l can
vary between 0.2 and 0.4. Wang et al. [18] considered a series of
experiments to evaluate the inﬂuence of ﬁber band width, winding
speed, roving tension, viscosity and two common ﬁlament winding
materials: carbon and glass. For this analysis a value of 0.25 was
considered, nevertheless according to their results, the slippage
coefﬁcient could be set at 0.32–0.34 for most of the cases, so it
would be recommended to consider a value comprised within this
rank.
The Cartesian ﬁlament winding machine used in this analysis
proved to place the ﬁbers as desired, achieving a symmetrical
and balanced pattern on both sides of the mandrel, despite the
inertial lag that could arise from the carriage that supports the
delivery head that is mounted at the end of the vertical axis,
though measurements of the ﬁlament winding angle as calculated
are desirable. Another possible source of error is the slippage of the
ﬁber at the delivery point, so instead of using cylindrical rollers, it
would be recommended to use grooved rollers, or to change the
delivery head to a delivery eye.
6. Conclusions
A mathematical model for the determination of non-geodesic
winding trajectories is presented, and validated via the fabrication
of two axisymmetric generic geometries, one convex and the other
concave, aiming to contribute to development of complex ﬁla-
ment-wound structures as part of an integral design approach.
The numerical tool expressly developed solves the general path
equation and will serve as basis for further mechanical behavior
models by integrating onto them ﬁlament winding parameters.
As an alternative, the complex geometry but also the mechanical
loading could be introduced as input data in order to deﬁne the
slipping tendency according to h parameter which optimizes the
structure strength and the stacking sequence simultaneously – to
be outlined in future publication.
For each geometry under analysis, a detachable metallic man-
drel was designed and fabricated. Even though non-geodesic tra-
jectories are designed, slippage of the ﬁber was observed, so
further considerations related to static friction coefﬁcient mea-
surements should be considered. It is particularly necessary to
integrate a friction function allowing a more precise control of ﬁber
placement. Moreover, demoulding of the composite material C-Ep
previously cured proved to be a technological challenge that
implied the development of detachable, metallic mandrels. Other
solutions were considered, nevertheless the state of the art, or their
technological maturity proved to be insufﬁcient. It can be stated
that the maturity of ﬁlament winding models is closely related to
the technological development of mandrels solutions.9Acknowledgments
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